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The problem of stimulated emission of photon excitations by external currents 
is studied in spacetime by making use of the concept of localized photon 
excitations in configuration space. An explicit expression is derived for the 
amplitude that an arbitrary number of photon excitations are produced and 
found in arbitrary localized regions in space when there are an arbitrary number 
of photon excitations prior to the switching on of the intervening current. 
Considered as an application is the reaction of a "photon splitting" to any 
number of photon excitations as the latter emerge spatially within a cone in the 
presence of a strong external electromagnetic current. This work is a generaliz- 
ation of work dealing with strictly massive particles. 

1. I N T R O D U C T I O N  

M a n y  exper iments  [see, e.g., F ranson  and  Potocki  (1988) and  G r a n g i e r  
et al. (1986), t racing back  to the  p ioneer ing  work  o f  Tay lo r  (1909)] give a 
c lear  i nd ica t ion  o f  the loca l i za t ion  of  pho tons  by  detectors .  As a general iz-  
a t ion  o f  o the r  work  ( M a n o u k i a n ,  1989), I invest igate  the p r o b l e m  of  s t imu- 
la ted emiss ion  o f  p h o t o n  exci ta t ions ,  by  external  e lec t romagne t ic  currents ,  
as they  are  obse rved  in spacet ime in conformi ty  with exper iments .  This is 
done  by  mak ing  use o f  the  concept  o f  loca l ized  p h o t o n  exci ta t ions  in 
conf igura t ion  space  ( M a n o u k i a n ,  1988). I der ive  an expl ic i t  express ion  for  
the  a m p l i t u d e  that  an a rb i t r a ry  number  o f  p h o t o n  exci ta t ions  are p r o d u c e d  
by  an in tervening  current  d is t r ibut ion ,  as the fo rmer  are f o u n d  in var ious  
loca l ized  regions  o f  space ,  when  there are in i t ia l ly  an a rb i t ra ry  n u m b e r  o f  
p h o t o n  exci ta t ions  prior to the switching on o f  the current  in quest ion.  As 
an app l i ca t ion ,  I cons ide r  the  process  of  " p h o t o n  sp l i t t ing"  to any n u m b e r  
o f  p h o t o n  exci ta t ions  as the  la t ter  merge spa t ia l ly  into a cone in the  p resence  
o f  a s t rong e lec t romagne t i c  current .  
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2. STIMULATED EMISSION OF P H O T O N  EXCITATIONS 
IN SPACETIME 

Our starting point is the vacuum-to-vacuum transition amplitude 
(Schwinger, 1970, 1977) for photons in the presence of an external elec- 
tromagnetic current J"(x). In the Coulomb gauge, the latter is given by the 
expression (cf. Manoukian, 1986) 

(0+ [0_) j = exp[iW] (1) 

w=l- I (dx) (dx')[J~ 

+ j , ( x ) f  s,j a'a j \  , j , 1 (2) 

where 

D+(x-x')= f (dk) e ik(x-x') 
(2zr) 4 k 2 -  ie ' 

It is convenient to define 

/ .  O~OJ\ 
J~ (x )  = ~8 ' ~ - - / 1 ' ( x )  \ a 2 ) 

and note that OiJr(x)=O; i,j= 1,2,3. 

e ~ +0 (3) 

x = (x ~ x), 

Note in particular that 

(4) 

n .  j(x) = 0  (7) 

for all x. We introduce two polarization (unit) vectors Ca, e2 such that 

e~. Ea,= 6~,,  n .  ea =0,  h = 1,2 (8) 

and write in coordinate space a completeness relation: 

6 ~ = n'nJ+2 e~e~ (9) 

Finally we define the objects 

a, (x) = Ea" j(x) (10) 

Let n be any (three-dimensional) unit vector and define (Manoukian, 
1988) 

+ o k k n  j(x)=f d3k Jr(k)-(k~+n.-k) �9 J r (k . ) ]  e ik~ (27r)3(2kO)l/2 n (5) 

Ik], JT(k) = f (dx) e-'~JT(X) (6) k~  
J 
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defiffing only two degrees of freedom for photon excitations at each point 
of spacetime. 

The vacuum persistence probability may then be written as 

[(0+10_)12 =exp[ -A~,2  1 d3xlax(x)[ 2] (11) 

To obtain the amplitudes for stimulated emission, we proceed as follows. 
We write J~ = ~ ~ Jx + J2 + J3, where the (intervening) current J~ is switched 
on after the current J~ is switched off, and the current J~ is switched on 
after the current J~ is switched off. After straightforward manipulations, 
we may rewrite (1) as 

(o+ l o_) ~ = (o+ I o_) ~ .  (o[o_) ~ .  (o+ I o_)~ 

where 

• exp[A32] exp[A~l] exp[A21] (12) 

O)a~(t)a~ (13) A 3 : = y .  3* . 2 
c~ 

A2~ =~ (i)a2*(i)a~ (14) 
ct 

ALl E (" 3* ~ . 1 = z)a~ 3~,(Oa~, (15) 
o t c e '  

= ( y , h )  in a convenient discrete (Schwinger, 1970; Manoukian, 1988) 
space variable notation (a lattice) at a given time by defining 

a~ = ( d3y)U2 a~ (y ) (16) 

and 

~,~'=(d3yd3y')l/2fd3x[A(y-x),o!oA(x-y')] (17) 

y~ x~ y'~ A(y--x)= f dak 
(2,rr)3(2kO)l/2 e ik(y-x) (18) 

"d/Ox ~176 ~ We also carry out a unitarity expansion of (0+[0_) J 
in configuration space: 

(0+ 10_) ~ = E ,  (0+ IN; N, ,  N2, �9 �9 �9 yO)% 

• N~, N2,.. . ,  y~[M; M~, M2,.. . ,  yO)~2 

x (M; M1, M2 . . . .  , y~ o_)~, (19) 

where o o y2>yl; (M; Mx,M2,...,y~ J, denotes the amplitude that M 
photon excitations are emitted by the current J~, M 1 of  which are found 
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at lattice site eel = (yO, yl,/~1), M 2  of which are found at a2 = (yl ~ Y2, A2), 
and so on, at a t ime yO after the current Ji" ceases to operate here 

(N;  N1, N 2 , . . . ,  y ~  M1,  M2,  . . . , y~ J2 

denotes the amplitude that the M photon excitations move in the presence 
of  the intervening current, and at a later time yO, after the latter current 
ceases to operate, we find N photon excitations, N1 of which are at lattice 
site a l  = (yO, yl ,  A~), N 2 of  which are at lattice site a l  = (yO, y~, •2), and so 
on; finally, (0+1 N;  N1, N 2 , . . . ,  y~ J3 is the amplitude that the N photon 
excitations are finally detected by the current Ja- 

Upon expanding the exponentials in (12) (Manoukian, 1988) and 
comparing the resulting expression with (19), we arrive at the expression 
for the amplitude of  stimulated emission of  photon excitations: 

(N;  N~,  N2 ,  . . . , y~ M ;  M1,  M2 ,  . . . , yO)J 

= (o+Io_) ' (N , !  N 2 ! . . .  MI! M : ! . . .  )1/2 
•  ( ia~i)N'-m'  (ia~'Yv2-m2 

( N l - m l ) !  ( N : - m : ) !  

( ~)ml ,  ( g ~ i ~ ) ~  . . . ( g ~ , ) m ~  ( g o ~ 2 ) ~  • 
mill m12! m21! m22! 

x . . .  (ia*~)m~-X'm'~ (ict*:)'~-X"~'~ (20) 
( M 1 - 5 " ,  m,m)! (M~-E,m,~) !"  "" 

where al  = (yO, Yl, A1), a2 = (yO, Y2, A2),.. a~ 0 , . ,  = (Yl ,yl ,  A~),  a [ =  
(yO,y:, A2),.. and stands for a summation over all nonnegative 
integers m~, m E , . . . ,  m, roll, m12 , . . . ,  m21, m22, . . . ,  satisfying the con- 
straints 

m11+ m12 + . . . .  ml, 0<~] mil<-M1 
i 

m21 + m22+ . . . .  m2, 0<~,, m i 2 < - M  2 
i 

O<--ml <---N1 

0 <- m2 <- N2 

(21) 

m l + m 2 + .  �9 �9 = m 

yO > yO, and the time of  operation of the current J~' is between yO and yO. 
The expression (20) is quite general, an explicit application of  which 

is given in the next section. 
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3. " P H O T O N  S P L I T T I N G "  AS A S T I M U L A T E D  E M I S S I O N  

We are interested in the process of  a " p h o t o n  spli t t ing" into any n u m b e r  
of  pho ton  excitat ions with arbi trary polar izat ions h as the latter move  into 
a cone C : x = ( l x l ,  0 , ~ ) ,  0<-Ixl<o~,  0o-<0-<0o+A0,  ~ o - < ~ - < ~ o + A ~ ,  in 
the presence  of  a strong e lect romagnet ic  current  J" .  To this end the con- 
nected process  cor responding  to this is read f rom (20) to be 

iN; N1, N2, . . . ,  y~176 = (0+10_>~(ia<) (ia*~) NI ( ia*2)N2. . .  (22) (N1 !)1/2 (N2!)1/2 

In  a convenient  lattice space  notat ion we write C = {xl, x2 , . .  �9 }. Then  the 
t ransi t ion probabi l i ty  for  the process  in quest ion may  be writ ten as 

la~ laoJ 2 
[(0+10_)q21a. l 2 E y - , .  (23) 

N = O N I f f - N 2 +  . . . .  N N1! N:I 
I 0 t 1~ I x  where a l  = (yO, Xl ' h i ) ,  a 2  = (yO, x2, h = ) , . . . ,  a t  = (Yl, Y, ). The summa-  

t ion in (23) m a y  be explicitly carried out  in the sense of  a mul t inomial  
expans ion  to give, in a cont inuous  space var iable  notat ion,  for  the probabi l -  
ity of  occurrence  of  the process  in quest ion 

d3y'laa'(Y~ I c  d3xlax(x)12] e x p [ - ~ ,  fn3d3xlax(x)l 2] (24) 

where  x ~ yO. Obvious ly  the probabi l i ty  in (24) is t ime (yO) dependent .  
Other  s t imulated emission processes are similarly handled.  
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